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Galois groups of irreducible trinomials Xn + aXs + b ∈ X are investigated
assuming the classication of nite simple groups. We show that under some simple
yet general hypotheses bearing on the integers n; s; a and b only very specic groups
can occur. For instance, if the two integers nb and asn − s are coprime and if s
is a prime number, then already the Galois group of f X is either the alternating
group An or the symmetric group Sn. This signicantly extends work of Osada.
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1. INTRODUCTION
Let f X = Xn + aXs + b be an irreducible trinomial with integral coef-
cients, where n and s are co-prime. Although, of course, we know that, in
a sense, almost all such trinomials must have the symmetric group Sn as Ga-
lois group, it is valuable to identify simple and explicit, yet general, criteria
on the coefcients a, b under which this is the case. Examples of such cri-
teria occur in the work of Osada [11, 12]: we greatly extend these to cover
situations which, by any reckoning, are more delicate (because non-tame
ramication is involved). Thus, whereas in a preceding paper [3], we estab-
lished the double transitivity of the Galois group of f X over  under
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some general circumstances, now we use the classication of nite simple
groups and other special considerations to specify in most cases which dou-
bly transitive groups are liable to be realized in this way; there are very few
possibilities. Indeed, as we remarked in [3], generally not many trinomials
for which the alternating group An 6⊆ Gf  are known; perhaps the results
of the paper may help to conne the search for such examples to a smaller
area.
Denote by α x= α1; α2; : : : ; αn the different roots of f X in an algebraic
closure of . Let K x= α be the eld obtained by adjoining the root α
to the eld , and L x= α,α2, : : : ,αn be the normal closure of K over
. We consider the Galois group G of L over  as a transitive group of
permutations of the roots of f X.
For a prime p, vpb denotes the p-adic valuation of an integer b, i.e.,
the largest integer k ≥ 0 such that pk divides b.
The rst result extends Theorem 1.1 of [3].
Theorem 1.1. Let f X = Xn+ aXs + b be an irreducible trinomial with
integral coefcients, where n; as = an− s; b = 1. Suppose there exists a
prime divisor p of b such that s; vpb = 1. Suppose the Galois group G
of f X over  does not contain the alternating group An. Then s > n/2.
Indeed, if s 6= n− 1, the following hold.
(1) If n/2 < s < n − 2, we must have n = qd − 1/q− 1 ; s =
qd − qe/q− 1, where q is an odd prime power, d is an even integer, e an
integer coprime to d with 2 < e < d, the prime p is a divisor of s and
PSLd; q ⊆ G ⊆ P0Ld; q:
(2) If s = n− 2, only the following two possibilities can occur.
(2a) There is an odd integer m such that n = 2m + 1 and G =
P0L2; 2m.
(2b) n = 11, p = 3 and G is the Mathieu group M11.
Under the conditions of Theorem 1.1, the double transitivity of G was
established in Theorem 1.1 of [3]. Of course, doubly transitive groups have
been classied, but the signicance of Theorem 1.1 is that, provided s <
n − 1, most of these groups cannot arise. When s = n − 1 no progress
is made in this paper on the resolution of the problem of which doubly
transitive groups may occur.
In the case in which additionally b; s = 1, the following consequence
of Theorem 1.1 is an improvement (in a sense, a completion) of [12, Theo-
rem 1] by the omission of any condition on the discriminant of f X in its
statement.
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Theorem 1.2. Let f X = Xn+ aXs + b be an irreducible trinomial with
integral coefcients, where s 6= n − 1 and nb; asn − s = 1: Then the
Galois group G of f X over  contains the alternating group An in each of
the following two cases.
(i) There exists a prime divisor p of b such that s; vpb = 1;
(ii) s is a prime number.
Of course, under the conditions of Theorem 1.2, G = An if and only if
the discriminant of f X is a square.
A further result extends Theorem 1.2 of [3].
Theorem 1.3. Let f X = Xn+ aXs + b be an irreducible trinomial with
integral coefcients, where s > 1 and n; s = 1. Suppose that there exists a
prime divisor p of b, but not of a, such that
(i) n = s + pt; t > 0,
(ii) vpf −a = 1,
(iii) s; vpb = 1.
Suppose also that the Galois group G of f X over  does not contain the
alternating group An. Then only the following possibilities can occur.
1. s = 2, t = 1, n = p+ 2, where p = 2m − 1 is a Mersenne prime, and
the Galois group G is either PGL2; 2m or P0L2; 2m.
2. s = 2, n = 11, p = 3 and the Galois group G is the Mathieu group
M11.
3. s = 3, n = 11, p = 2 and the Galois group G is the Mathieu group
M11.
4. s = 1+ q+ · · · + qd−2, n = 1+ q+ · · · + qd−1, and the Galois group
G lies between PSLd; q and P0Ld; q, where
(4a) q = 2 and d = 3 or 4, if p = 2;
(4b) q = pr and d is an even integer ≥ 4, if p is odd.
We stress that the validity of Theorem 1.3 has (deliberately) been stated
under rather general conditions. For instance, it is not supposed that a and
nb are coprime. We are aware that, by relaxing these conditions in various
ways, some of the possibilities allowed by the theorem may be discounted.
For example, if a and b are assumed to be coprime, then we know that
the possibilities described in (4a) (namely, with p = q = 2 and d = 3 or
4) cannot arise. Whether any of the possibilities (1), (2a), (2b) of Theorem
1.1 and (1)(4) of Theorem 1.3 can be realized by rational trinomials is an
open question about which we lack evidence either way.
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2. SOME FACTS FROM GROUP THEORY
Here we gather some facts on permutation groups that we shall use re-
peatedly in the subsequent sections.
2.1. Jordan Groups
Let G be a primitive permutation group of degree n acting on a set X.
For 1 < r < n− 1, we say that G is an n; r-Jordan group if the following
conditions hold:
(1) G is not r + 1-fold transitive;
(2) there exists a subset Y (a Jordan complement) of X of car-
dinality r whose pointwise stabilizer acts transitively on the set X \ Y of
remaining points.
Jordan groups have been classied [10, p. 276](see also [4, Section 7.4]).
They are divided into three categories. First there are the afne groups,
which are qd; qe-Jordan groups, where q is a prime power and d and
e are integers such that d > e > 0. The second category comprises the
groups G acting on a projective space PGd−1q of dimension d − 1 over
the eld q (with q a prime power and d ≥ 3) such that PSLd; q ⊆
G ⊆ P0Ld; q: they are qd − 1/q− 1; qe− 1/q− 1-Jordan groups
for 1 < e < d. Finally, there are exceptional Jordan groups for n; r
in 15; 3; 16; 4; 22; 6; 23; 7; 24; 8. In particular, the exceptional
23; 7-Jordan group is the Mathieu group M23.
When n and r are coprime, the only n; r-Jordan groups are the Mathieu
group M23 and the projective groups. It is not hard to see that qd − 1/q−
1 and qe − 1/q − 1 are coprime if and only if d and e are coprime.
Accordingly, we have the following proposition.
Proposition 2.1. Let G be an n; r-Jordan group with n and r coprime.
Then one of the following holds.
1. There are two coprime integers d and e with 1 < e < d and a
prime power q such that n = qd − 1/q − 1, r = qe − 1/q − 1, and
PSLd; q ⊆ G ⊆ P0Ld; q.
2. n = 23; r = 7 and G =M23.
2.2. Multiply Transitive Groups
By the classication of triply transitive groups [1, CTT, p. 86] we imme-
diately obtain the following proposition.
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Proposition 2.2. The triply transitive groups of odd degree not containing
the alternating group are:
1. the groups G such that PGL2; 2m ⊆ G ⊆ P0L2; 2m,
2. the Mathieu groups M11 and M23.
As far as 4-transitive permutation groups are concerned, by the same
reference, we have the following proposition.
Proposition 2.3. The only 4-fold transitive groups not containing the al-
ternating group are the Mathieu groups M11;M12;M23 and M24.
2.3. Involutions Fixing at Most Three Points
As a trinomial with rational coefcients has at most three real roots, only
permutation groups containing an involution that xes at most three points
can occur as Galois groups of such trinomials. By studying the number
of points xed by an involution in a projective group P0Ld; q or in the
Mathieu group M23, we shall be able to exclude some of these groups as
Galois groups of trinomials.
Proposition 2.4. Let q be a power of a prime number p and d ≥ 3. For
the group P0Ld; q to contain an involution xing at most three points, it is
necessary and sufcient that d; q is one of the following.
1. q = 2 and d = 3 or 4.
2. q is odd and d is even.
Proof. We examine two possibilities according to the parity of q.
If q is even (hence a power of 2), we note that in the cases where q = 2
and d = 3 or 4, there are indeed involutions of this kind in P0Ld; q =
PSLd; q; for this, consider in the case q = 2 and d = 3 the action of the
matrix 0B@ 1 1 00 1 0
0 0 1
1CA
belonging to SL3; 2 on the lines of the vector space 32, which are precisely
the points of the plane projective geometry PG22 over the eld 2. It is
clear that this involution stabilizes exactly the three lines of the plane y = 0.
Similarly, for q = 2 and d = 4 one can take the matrix0BBB@
1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1
1CCCA:
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Suppose now that q = 2r is a power of 2 and d is an integer ≥ 3 such
that P0Ld; q contains an involution u xing at most three points. Corre-
sponding to this collineation of the projective space PGd−1q, there exists
a semi-linear transformation σ x dq −→ dq such that σ ◦ σ = λ Id where Id
is the identity automorphism of dq and λ is a non-zero scalar in q. Let
ρ ∈ Autq be the automorphism of the eld q associated with the semi-
linear automorphism σ of dq . As the number n = 1 + q + · · · + qd−1 of
points in PGd−1q is odd, the involution u has at least one invariant point.
Thus there exists in dq \ 0 a vector x0 and a non-zero scalar µ in q such
that σx0 = µx0. Consequently, we have
λx0 = σσx0 = σµx0 = ρµσx0 = µρµx0;
so that λ = µρµ. Replacing σ by µ−1σ , we may assume that σ is a semi-
linear involution of dq lifting the involution u. The automorphism ρ of q
associated with σ must be an involution of q, so that σ is q′ -linear, where
q′ = q if r is odd and q′ = √q if r is even. The mapping τx dq −→ dq
dened by τx = σx − x for all x ∈ dq is consequently an q′ -linear
operator such that τ ◦ τ = 0. Accordingly, dimq′ ker τ ≥ dimq′ dq/2. We
conclude that ker τ contains at least qd/2 elements if d or r is even, and
at least qd+1/2 elements if d and r are both odd. The lines generated by
the non-zero vectors of ker τ are xed by u. As each line contains q − 1
non-zero vectors, we see that u has at least qd/2 − 1/q− 1 xed points
when d or r are even, or qd+1/2 − 1/q− 1 if d and r are odd. Taking
into account the hypothesis d ≥ 3, for u to have at most three xed points,
we need q = 2 and d = 3 or 4.
If q is odd and d even, then there exists in the eld q an element a
which is not a square in q. The q-endomorphism σ of dq dened on the
canonical basis 1; : : : ; d by σi = i+1 for i odd and σi = ai−1 for
i even is an automorphism of dq such that σ ◦ σx = ax for all x in dq .
Hence the action of σ over the lines of the q-vector space dq denes an
involution u ∈ PGLd; q which has no xed points. Indeed, a xed point
of u would contain eigenvectors of σ ; yet, the eigenvalues of σ are not
in q.
Suppose now that q = pr and d ≥ 3 are odd and let u be an involution
in P0Ld; q. As before, with this involution we can associate a semi-linear
transformation σ x dq −→ dq such that σ ◦ σ = λ Id where Id is the identity
automorphism of dq and λ a non-zero scalar in q. As n = 1 + q + · · · +
qd−1 is again odd, we can argue similarly and reduce us to the case where
λ = 1. We put again q′ = q if r is odd and q′ = √q if r is even. As an
involution of dq , σ is a q′ -linear semisimple operator, so that 
d
q is the
direct sum of the two eigenspaces of σ associated with the two possible
eigenvalues +1 and −1. As d ≥ 3, one of these eigenspaces is thus of
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dimension ≥ 2 over q′ . This gives at least q′ + 1 ≥ 4 xed points for the
involution u.
The following has been observed by W. Feit [5, Corollary 4.4].
Lemma 2.5. The Mathieu group M23 does not occur as the Galois group
of a rational trinomial over , since it does not contain an involution xing
at most three points.
Proof. It is known [4, p. 178] that the Mathieu group M23 is a simple
group; hence it is contained in the alternating group A23. Therefore M23
does not contain a product of 11 transpositions, and it sufces to show that
the stabilizer of two points in the action of M23 (known [4, p. 177] to be
isomorphic to the projective group PSL3; 4 in its natural action) does not
contain an involution with only one xed point. But this is a particular case
of the preceding Proposition 2.4.
3. PROOF OF THEOREM 1.1
If s = 1, the discriminant D of f X is [13, Theorem 2]
D = −1nn−1/2D0 = −1nn−1/2
h
nnbn−1 + −1n−1n− 1n−1an
i
:
We recall also that, by Theorem 1.1 of [3], the Galois group G of f X
over  is doubly transitive under the hypotheses of Theorem 1.1. Since
we have supposed that an − 1 is coprime to b, no prime divisor of b
ramies in K. Now, by Lemma 2.1 of [3], we see that G is generated by
transpositions; so G = Sn, which is excluded by our hypothesis.
If 1 < s < n− 1, in Theorem 1.3 of [3], we showed there exists a Jordan
set" of s roots of f X for the action of G in the sense of [10], i.e., its
complement in the set of roots of f X is a Jordan complement as dened
above. In order for G to be an n; n− s-Jordan group, it remains only to
verify that it is not n− s + 1-transitive.
Proof of 1: We suppose rst that s < n− 2. The rst step is to prove
that G is an n; n − s-Jordan group. If not, G is at least 4-transitive and
by Proposition 2.3 must be one of the Mathieu groups: M11, M12, M23, or
M24. The group M23 is excluded by Lemma 2.5. For M12 and M24, we must
have n − s + 1 = 4 or 5 and this contradicts the fact that n and s are co-
prime. The only remaining possibility is n = 11 and s = 8, which we shall
exclude by showing that the discriminant of f X cannot be a square. Let
f X = X11 + aX8 + b. By hypothesis, there exists a prime p dividing b to
an odd power. If p 6= 2, then by Theorem 1.3 of [3], G contains an 8-cycle
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which is not the case for M11; thus p = 2. Write b = 2vc where v and c are
both odd. The discriminant of f is
D = −b71111b3 + 88 · 33 · a11:
We consider two cases:
First case v ≤ 7. Here
D = −210vc71111c3 + 224−3v33a11:
Let
D0 x= 1111c3 + 224−3v33a11:
We note that D0 and b are co-prime, and so by Lemma 2.1 of [3], the
absolute value of D0 must be a square, since otherwise G would contain a
transposition. So c = d2, where  = +1 or  = −1. Thus,
D = 210vd14−1111d6 − 224−3v · 33 · a11:
But the expression between brackets cannot be a square since, modulo 8,
it is congruent to 5.
Second case v ≥ 9. Here
D = −224+7vc7111123v−24 · c3 + 33a11;
where the expression between brackets is an odd integer. Hence the 2-adic
valuation of D is 24+ 7v, which is odd and therefore D cannot be a square.
Summarizing, we have now established that G is an n; n − s-Jordan
group. Since n; s = 1 by hypothesis, Proposition 2.1 and Lemma 2.5
show that G is a group lying between PSLd; q and P0Ld; q with n =
qd − 1/q− 1 and s = qd − qe/q− 1, where q is a prime power, d
and e coprime integers such that 1 < e < d. We now apply Proposition 2.4
after which it remains only to exclude the two possibilities G = PSL3; 2
and G = PSL4; 2. This will be done by showing that the discriminant of
f X cannot be a square. For these two groups, we would have e = d − 1,
so that the discriminant is
D = −b2e−1
h
2d − 12d−1b2e−1 + 2e2e2e − 12e−1a2d−1
i
:
Let ` be a prime divisor of 2e − 1 = n − s, hence a prime not dividing b.
We have 2d − 1 = 22e − 1 + 1, so that
D ≡ −b2d−2 mod `:
But, because 2e − 1 ≡ 3 mod 4, there exists such a prime ` with ` ≡
3 mod 4, for which the above congruence implies that D is not a square
modulo `.
Further, if p does not divide s then, by Theorem 1.3 of [3], G contains
an s−cycle and so is n− s + 1−transitive ([2] or [7]), which is not so. We
conclude that p divides s.
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Proof of 2: If s = n− 2, by Theorem 1.3 of [3], the group G is triply
transitive of odd degree. Using Proposition 2.2 and Lemma 2.5, we see
that there remain only the cases where G =M11 or where n = 2m + 1 and
PSL2; 2m = PGL2; 2m ⊆ G ⊆ P0L2; 2m. When G = M11, we apply
again Theorem 1.3 of [3] to conclude that p must divide s = 9, whence
p = 3.
It remains to show that, under our hypothesis, G cannot be a proper
subgroup of P0L2; 2m. We use the two following lemmas, whose proofs
are postponed until the end of this section.
Lemma 3.1. For m ≥ 3, the projective semi-linear group P0L2; 2m con-
sists of even permutations.
Lemma 3.2. For n = 2m + 1, the polynomial Xn − 1 is, modulo 2, the
product of distinct irreducible polynomials of degree dividing 2m. At least one
of these factors is of degree exactly 2m and exactly one of them is linear.
From Lemma 3.1, we conclude that the discriminant
D = b2m−22m + 12m+1b2 + 42m − 12m−1a2m+1 (3.1)
of f X is the square of an integer. If m is even, then s = 2m − 1 is a
multiple of 3, so that D ≡ 22b2m mod 3, which implies to the contrary
that D cannot be a square. So m must be odd. Recall that, since b; n− s =
1, then b must be odd. It is thus necessary for a to be even, since otherwise
the expression between brackets in (3.1) is congruent to 5 modulo 8.
Modulo 2, we then have f X = Xn − 1. Since 2 does not ramify in the
splitting eld of f X, we deduce, from the factorization given by Lemma
3.2, the existence of an element σ of the Galois group G, each orbit of
which has cardinality dividing 2m with at least one orbit having cardinality
2m and exactly one orbit having cardinality one. So exactly one root of
f X is xed by σ .
Let k be the index of PGL2; 2m in G. We know that k is a divisor of
m. We have to show that k = m. Now σk is an element of PGL2; 2m that
has exactly one xed point. For otherwise, σk would have at least three
xed points and, therefore, being an element of PGL2; 2m, must be the
identity. But this is impossible since σ has at least one orbit of cardinality
2m. In the same way, we can show that all the orbits of σk have the same
cardinality 2m/k, except obviously the orbit comprising the xed point.
Hence 2m/k is a divisor of n− 1 = 2m. We deduce from this, and from the
fact that a 2-Sylow subgroup of PGL2; 2m is elementary, that 2 = 2m/k,
i.e., k = m. This completes the proof of Theorem 1.1.
Proof of Lemma 3:1: It is easily veried that PGL2; 2m ⊆ A2m+1.
Moreover, the Frobenius automorphism x 7→ x2 acting on the projective
line PG12m may be replaced by x 7→ x2µ , where m = 2lµ with µ odd,
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without changing its signature. We proceed by induction on l. If µ = 1 we
have to start with l = 2, in which case the Frobenius element is even, since
it is the product of three 4-cycles and one transposition. If µ > 1, we start
with the case l = 0, for which the result is obvious.
Suppose that the µth power of Frobenius x 7→ x2µ is an even permutation
of PG12m for a given l. We observe that x 7→ x2µ acting on PG122m is
the product of its restriction on PG12m and of 22m − 2m/2l+1 cycles of
length 2l+1. Because m > l + 1, the µth power of the Frobenius element
x 7→ x2µ is an even permutation, as required.
Proof of Lemma 3:2: One knows that Xn − 1 is the product over all
divisors d of n = 2m + 1, of the cyclotomic polynomials of order d (and
degree ϕd). Each such cyclotomic polynomial is known to be the product
of irreducible polynomials of the same degree fd, namely, the multiplicative
order of 2 modulo d. In particular, we have
fd = 1 for d = 1;
fd > 1 for d > 1;
fd = 2m for d = 2m + 1:
Hence the desired result follows.
4. PROOF OF THEOREM 1.2
We may assume that prime divisors of
D0f  = nnbn−s + −1n−1ssn− sn−san
are unramied in K = α, since otherwise any corresponding inertia
group in L/ (where L is the splitting eld of f X) is generated by a
transposition [3, Lemma 2.1] and the doubly transitive Galois group G of
f X would be the symmetric group Sn. Hence we may assume that only
prime divisors of b can be ramied in L.
If s is a prime number, there must exist a prime divisor p of b such that
s; vpb = 1, since otherwise no prime divisor of b would be ramied
in L [8, Theorem 2]. So in both cases the hypotheses of Theorem 1.1 are
fulllled, so that we have only to exclude the groups encountered in that
theorem.
The rst case of Theorem 1.1 is excluded, since the prime p does not
divide s by the hypothesis b; s = 1:
As regards the second case, by Theorem 1.3 of [3], G contains an s-
cycle (the inertia group of any prime of L above p). The Mathieu group
galois groups of trinomials 571
M11 cannot occur since it does not contain any cycle of order 9 [6, table,
p. 309].
Let ` be any ramied prime, necessarily a divisor of b. By Theorem 2
of [8] the inertia group of each prime of L lying above ` is generated
by a product of r disjoint cycles of equal length q with rq = s, where r =
s; v`b. Thus to nish the proof of Theorem 1.2, it remains only to prove
the following result.
Lemma 4.1. For m > 1, the projective group P0L2; 2m cannot be gener-
ated by permutations xing exactly two points and acting on the other 2m − 1
points as a product of disjoint cycles of equal length.
Proof. Let d x= m; 2m − 1: Since m > 1 does not divide 2m − 1; we
have d < m: Let H be the inverse image of the subgroup of order d of
Aut2m by the canonical homomorphism
ψxP0L 2; 2m → Aut
γ 7→ σ:
2m
Denote by PG12m the projective line over the eld 2m: Let
γxPG12m → PG12m
be an element of P0L2; 2m xing two points and having orbits of the same
length q where q divides s = 2m − 1: The order of ψγ divides both m and
q: This shows that γ ∈ H: Since H is a proper subgroup of P0L2; 2m the
proof of the lemma is complete.
5. PROOF OF THEOREM 1.3
The double transitivity of G has been established in Theorem 1.2 of [3].
There are two cases.
Case 1: If s = 2, then by Theorem 1.4 of [3] G is triply transitive. By
hypothesis n is odd. From Proposition 2.2, the only possibilities are:
the groups G such that PGL2; 2m ⊆ G ⊆ P0L2; 2m;
the Mathieu groups M11 and M23.
Indeed, n− 2 being a prime power, the rst possibility is reduced by [1,
simple numerical lemma] to the case in which p = 2m − 1 is a Mersenne
prime. Then m is prime, and the only possible groups are PGL2; 2m and
P0L2; 2m. In the usual way, M23 is excluded by Lemma 2.5 and, for the
Mathieu group M11, we have p = 3. Thus, these two possibilities give the
cases (1) and (2) of the theorem.
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Case 2. If s > 2, then by Theorem 1.4 of [3], there exists a set of s roots
of f X whose pointwise stabilizer in G acts transitively on the n− s other
roots.
Suppose G is not an n; s-Jordan group, i.e., G is s+ 1-transitive. Then
G is at least 4-transitive and hence, by Proposition 2.3, must be one of the
Mathieu groups M11, M12, M23, or M24.
Regarding M12 or M24, we must have s = 3 or s = 4, which contradicts
the fact that n and s are co-prime. The group M23 is excluded by Lemma
2.5. The only remaining possibility is the group M11, with s = 3 and p = 2,
which leads to the third case of the theorem.
Suppose nally that G is an n; s-Jordan group. Then, by Proposition
2.1, G is either a projective group, or the Mathieu group M23. The group
M23, as before, is excluded by Lemma 2.5. Hence G is a projective group
satisfying the following. There exists a prime power q = pr and two integers
d ≥ 3; e with 0 < e < d such that G lies between PSLd; q and P0Ld; q,
where
n= q
d − 1
q− 1 = q
d−1+ · · · + q+ 1 and s= q
e − 1
q− 1 = q
e−1+ · · · + q+ 1:
As n − s = qe + · · · + qd−1 = qeqd−e − 1/q− 1 must be a prime
power, we have e = d − 1. An immediate application of Proposition 2.4
completes the proof of Theorem 1.3.
6. EXAMPLES
Example 1. Let f X = Xn + aXs + b be an irreducible trinomial with
integral coefcients, where nb; asn− s = 1: When s = 1, Nart and Vila
[9] (see also [11]) have shown that the Galois group G of f X over  is
the symmetric group Sn:
We see now that the same holds for s = 2. Indeed, by Theorem 1.2, G
is either Sn or An. On the other hand, by Lemmas 2.1 and 2.2 of [3], the
inertia group of any ramied prime in the extension L/ is generated by
a transposition, leading to G = Sn.
Example 2. Let f X = Xn + aXs + b be an irreducible trinomial
with integral coefcients, satisfying the conditions of Theorem 1.2, that
is, n; as = an− s; b = 1. Suppose there exists a prime divisor p of b
such that s; vpb = 1. If n− s ≥ 3, the Galois group G of f X over 
contains An in each of the following cases:
(i) n < 40;
(ii) s < 27;
galois groups of trinomials 573
(iii) s is a prime number;
(iv) s is the square of a prime number.
Example 3. Let f X = Xs+2t − Xs + 2b be an irreducible trinomial
with b and s odd integers, t an integer ≥ 1. Then the Galois group G
of f X contains An: this conclusion is justied by the argument which
follows.
By Theorem 1.3, the Galois group G of f X is Sn, An, M11 or a pro-
jective group PSL3; 2 or PSL4; 2. If G does not contain the alternating
group An, we consequently have n ≡ −1 mod 4, so that the discriminant
D of f X is
D = −2bs−1nn2b2t − ss2t2t ;
which is clearly negative. Thus G cannot be M11, PSL3; 2, and PSL4; 2
as these groups consist of even permutations.
As D is always negative when n ≡ −1 mod 4, the alternating group An
can only occur in this example for n ≡ 1 mod 4.
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